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1 Introduction 

A well known result of Duke [?] states that if C{X) denotes the set of equiv- 
alence classes elliptic curves over Q of the form j/^ = + rx + s such that 
max{|rp, |sp} < X^, and £{X) denotes the subset for which the representation 
of Gal(Q/Q) on the /-torsion of a representative elliptic curve is not surjective, 
then 

X^oo \C{X)\ 

Cojocaru and Hall [?] have proven a generalization of this to one parameter 
families of elliptic curves, and Zywina [?] has proven a generalization to arbi- 
trary number fields. So far, however, there have been no extensions to higher 
dimensional abelian varieties. In this paper we prove a generalization to abelian 
surfaces. 

Cojocaru and Hall [?] consider a curve C over Q, and look at an elliptic 
curve E defined over the function field of C. Then they construct coverings 
Ci ^ C that encapsulate the information about the /-level structure, and look 
at the Galois action on these coverings. If t is a rational point of C, and Et 
denotes the corresponding elliptic curve, then we get a Galois representation 
on the /-torsion of Et- Using this, they show that by bounding the height of t, 
a similar result to Duke's can be obtained. One shortcoming of their method 
is that they use the Riemann-Hurwitz formula, which is specific to dimension 
1. However, we show that it is not necessary to use this. In our general setup 
we use a projective variety of arbitrary dimension r, which we specialize in our 
application to abelian surfaces by assuming r = 3, but otherwise it is similar. 

Zywina [?] generalizes Duke's original result to arbitrary number fields. This 
is accomplished with a version of the large sieve proven by Serre [?], which is 
applied for each /, and each conjugacy class in GL2(F;). Another interesting ob- 
servation of Zywina is that the Siegel-Walfisz theorem is not actually necessary. 
However, Zywina does not consider elliptic curves over the function field of a 
curve, and so he is forced to use a result of Jones [?] that requires the Eichler- 
Selberg trace formula. We avoid this by using a version of the Chebotarev 
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density theorem for function fields first proven by Lang [?], which we sharpen 
slightly. It is worth noting that Cojocaru and Hall use a similar theorem, and 
that when it is used in conjunction with the large sieve, we get a result that is 
an effective form of Hilbert irreducibility. 

In section 2 we begin discussing a version of the large sieve compatible with 
heights, as well as an application of the lower bound sieve that we need. A 
large portion of our results are not restricted by dimension in any way, and can 
possibly be applied to cases other than abelian varieties. So in section 3 we 
discuss the results that can be proven in a very general way, the main result 
being Theorem 6. This theorem is applied in section 4 to abelian varieties of 
dimension 1 and 2. The result in dimension 2 is new, but in dimension 1 it is 
little more than a hybrid of previous results. A list of notation can be found in 
appendix A 
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2 Sieve theory 

The sieve methods we will use need to be compatible with heights on number 
fields. This is accomplished using the following construction which can be com- 
pared with the method of Schanuel [?]. Let if be a number field of degree d 
and ring of integers Ok, and let Soo denote the set of infinite places of K. If 
V G Soo, then 

defines a norm on Ky. It u ~ {uq : ui : ■ ■ ■ : Ur) G P^(if), and a„ denotes the 
fractional ideal generated by the Ui, then we have 

where H is the absolute height. By scaling, it is possible to obtain coordinates 
Ui in Ok- Making this choice minimally gives us a unique representative in a 
fundamental domain of K^~^^ — under the action of units. Let A be the 
image of Ok under the diagonal embedding K — > Hues ^"^^ ^'^^ 

Bk{x) = {u e P'liiK) : H{u) < x}. 

With the coordinates of each u chosen as above, we first lift to K^~^^ — 0^~^^ 
and then consider the image in Jlues ^v^^ under the diagonal embedding, as 
illustrated by the following diagram 
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It is contained in A''+^, and by the results of Schanuel its size grows at a rate 
proportional to that of a ball of radius x in A''"'"^. This will allow us to apply 
Serre's version of the large sieve (see [?] or [?]). 

In [?] Kowalski has given a language for sieves that we would like to generalize 
slightly, and also use to discuss the constructions in our particular application. 
Then we will prove a version of the large sieve that is compatible with heights 
on afhne space, and an application of the lower bound sieve that we will use 
with it. 

A sieve setting is a triple (Y, A, (tTq,)) consisting of a set Y , an indexing set 
A, and for each a G A a. map tTq, : Y ^ Ya, where Yq, is a finite set. For 
both the large sieve and the lower bound sieve, we will take Y = A''+^. The 
indexing set A will be different in each case though: for the large sieve we will 
take it to be the set of non-zero prime ideals in Ok, whereas for the lower 
bound sieve we will use the ordinary primes, which we will view as ideals in 
Ok- If 0. is an arbitrary ideal in Ok, then it can be identified with a sublattice 
of A, and the quotient is isomorphic to O/f/o; thus we obtain a natural map 
TTa : A''+^ — >• {Ok /<^Y'^^ ■ For the lower bound sieve, when we have a = (p), we 
denote this map by Tip. If a = pip2 ■ ■ - pk is square-free, then by the Chinese 
remainder theorem, we get an isomorphism 

^„ : {Ok/PiY+' © {OK/P2Y+' © • • • © {OK/pkr+' ^ {OK/ar+\ 

such that the map is compatible with the maps n^. for all i. 

A siftable set is a triple {X, /i, F), consisting of a finite measure space {X, /i), 
and a map F : X Y, such that the composite map tTq, o F is measurable. 
This introduces a lot of flexibility, because X does not have to be a subset of 
^r+i rpj^g discussion at the beginning of this section shows how to construct a 
map F : X — >■ A'"+-'^, in the case where X is a finite subset of ¥k{K). If ^ is 
the counting measure on X , then it is clear that the composite maps iTpO F are 
measurable, so this gives us a siftable set. Now if we have a finite morphism 
ip : Uk — >■ ^K, we get a height on Uk in the usual way, and then we can 
look at a subset X of 

BKix) ={ue Uk{K) : H^{u) < x}. 

Since the morphism ip is finite, it follows that the set X is finite, and so by 
composition with the map P^j^{K) — >■ A''"'"-'^ constructed above, we get a map 
F : X ^ A''+^. But wc can go even further than this. If ip : Vk ~^ Pk 
a finite rational map, then by definition we have equivalence classes of pairs 
{U, ifu) such that tpu : U PJ^- is a finite morphism, and hence we can apply 
the argument above to this morphism. Given two pairs {Ui,ipi) and {U2,ip2), 
the compatibility condition gives us 

H^j^\uinU2 = H^^\uinU2, 

where H^-^ , H^^ are the heights corresponding to ipi,ip2. This allows us to safely 
speak of a height corresponding to the rational function tp, although it may 
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not be defined on all of Vk- However, so long as Vk is noetherian, the domain of 
the rational map has a finite cover by open sets Ui, . . .Un, and this turns out to 
be sufficient. In general, suppose {X, ^) is a finite measure space, but we don't 
have a map F : X Y . If we have a finite cover X by the sets Xi, . . . X^, 
such that {Xi,^,Fi) is a siftable set, then we can use sub-additivity to extend 
the large sieve so that it applies to {X, fi), and thus we would like to call this a 
siftable set also. In particular, we can regard any subset X of 

Bk{x) = {te Vk{K) : t G C/ for some (C/, ipu), and H^{t) < x} 

as a siftable set. 

A prime sieve support £*, is a finite subset of the indexing set A, and a 
sieve support £ is a subset of the power set of £* . Let HkIQ) and S]^ (Q; d, I) 
be defined as follows: 

Sa'(Q) = {p e : iV(p) < Q} 

(Q; d, I) = {p e Tjk{Q) ■ X{p) = q is prime, and q = d mod I}. 

In our general statement of the large sieve, we can take C* to be any subset of 
Tik(Q), but in our application of we will use an appropriate subset ofY]]^{Q; d, I). 
Note that any subset of £* can be viewed as a square- free product of these prime 
ideals. In particular we will define £, to be the set of all square-free ideals o, 
such that iV(a) < Q and for aU p|a we have p € C* . We will need compatibility, 
between the primes used in the lower bound sieve and the prime ideals used in 
the large sieve. If p G T,\-{Q;d,l) and N{p) = p, then p < Q hence these are 
the primes that will be used in the lower bound sieve. Now for each a G C* we 
choose a sieving set fict C Yq, which may be completely arbitrary. If (X^fi,F) 
is a siftable set under Kowalski's original definition, then the sifted set is 

S{X, ina,);C*) = {xe X\Tra{F{x)) ^ f^a Va e £*}, 

or more generally if {X, fi) is a siftable set under our extended definition, and 
{Xi, fi, Fi) is a finite cover by siftable sets under the original definition, then the 
sifted set is 

S{X, (rJa);£*) = {a; e X\3i such that x G X, and TTa{F,{x)) ^fl^^ae C*}. 
Finally, we take Vp to be the uniform probability measure on Yp . 

2.1 The large sieve 

We will prove a version of the large sieve for projective varieties, with the help 
of an older version for torsion free O/^-modules proven by Serre [?], which 
we restate below in notation compatible with that described above (see also 
Zywina's paper [?]). 

Theorem 1. Let A be a torsion free Ok -module with rank r + 1 over Ok- Let 
II • II be a norm of Ar = M ® A. Let x > 1 and Q > be real numbers, and for 
each p G Sk> iet Up G [0, 1]. Suppose that i? C A satisfies the conditions: 
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1. E is contained in a hall of radius proportional to x. 

2. For every p with N{p) < Q, we have the inequality 

iTTpl < (l-c^p)|A/pA|. 

Then we have 

|£^I«^,A,INI Yiff) 

where the implied constant depends only on K, A, and \\-\\, and where 



a p\a 

the sum being over all square-free ideals a with norm < Q. 

In particular the constant does not depend on x,Q or the numbers tUp, so 
long as E satisfies the conditions in the statement of the theorem. This means 
that it depends only on the sieve setting, which in our application remains the 
same for all I. Also it is important to realize, that the set E is actually the 
sifted set. The statement of the large sieve for projective varieties is as follows. 

Theorem 2 (Large Sieve). Suppose we have a finite rational map ip : Vk — > 
and that Vk is noetherian. Let [X, fi) be a siftable set for the sieve setting 
(A''"'"^, Tiji, (t^p)), such that X is contained in 

Bk{x) = e Vk{K) -.teUfor some {U, ipu), and H^{t) < x}. 

Let C* be an arbitrary subset of T,k{Q) and let (fip) be an arbitrary family of 
sieving sets. Then 

\s{x, (fip); r )| "^^"^^ ^^^^'^ ^ (1) 

where the implied constant depends only on K, r, ip, and 

where C is the set of all square-free ideals a, such that N{a) < Q and for all p\a 
we have p G C* . 

Remark. The theorem is stated for relative heights. It is a simple matter to 
obtain a version of this theorem for absolute heights by observing that we 
have H = H^J-^^''^\ where Hk is the height relative to K and H is the ab- 
solute height. This means that the theorem remains correct for absolute heights 
if we replace the numerator of the fraction on the right hand side of (1) by 
maxja:;''"'"^, Q^'-'^"''^-'}. It should also be noted that the implied constant depends 
only on data from the sieve setting, /C, r, and on data from the siftable set, ip. 
In particular it does not depend in any way on C* . 
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Proof. By the noetherian condition we may assume that the domain of ip has a 
finite cover Ui,U2, ■ ■ ■ Un- Let ipi be the restriction of ip to Ui, and define 



X^^Xn U^{K) and F, : X, A''+\ 

where A is the Minkowski lattice corresponding to and the map Fi is con- 
structed as above. As noted above, Serre's theorem is stated for the sifted set, 
hence for convenience we define 

E, = s{x,,{n^)-c*). 

Now A''+^ is a torsion free Ox-modulc of rank r + 1, but we must stiU verify 
that conditions 1 and 2 hold. The discussion at the beginning of the section 
shows that is contained in a ball of radius proportional to x, which shows 
that condition 1 holds. As for condition 2, suppose that p 6 S/^ has norm 
A^(p) <Q. If p e £*, then 

7rp(-Bi) C Fp - l^p 

where Yp = (A/pA)''+^. Even if p ^ £* we can still consider the images of 2?^, 
which will be trivially contained in Yp. Therefore, if we define 

_ fi'p(rip) if p G £* 

I otherwise 

then 

Vp{TTp{Ei)) < 1 - Wp 

in all cases. Since Vp is the uniform measure on Yp, this gives us condition 2. 
By his theorem, we then have 

, , max{x('-+i)[^^Ql,g2('^+i)} 
m «A^+M|.|| 

where the implied constant depends only on A''+^ and || • ||, and 

a p|a ^ 

where the sum is over all square-free ideals such that A^(o) < Q. By the def- 
inition of Wp it follows that this definition of L{Q) is equivalent with the one 
in the statement of the theorem. In our case, the chosen norm is determined 
completely by A''+^, and A''+^ depends only on K and on r, so the implied 
constant really only depends on K and r, and we indicate this by changing the 
subscript in the inequality. We get from Ei back to S'(A'i, (51p); £*), via the 
maps 

Vk{K) rj.{K) — ^ A'-+i. 



6 



The second map is injective, so it follows that \Ei\ = \S{ip{Xi),{flp); £.*)], but 
the map does not have to be injective. Since tp is finite, at the very least we 
have 

\S{X,,in,);C*)\ «^ \S{ip{X,),{n,);C*)l 
and finally to get back to S{X, (ftp); C*), we use finite sub-additivity. □ 

2.2 The lower bound sieve 

Iwaniec and Kowalski have proven the following small sieve result. 

Theorem 3. Let k > and D > 1. There exist upper and lower-bound sieve 
coefficients (AJ) depending only on k and D, supported on square-free integers 
< D, bounded by one in absolute value, with the following properties: for all 
s > 9k + 1 and Q^'^'^^ < D, we have 

I a{u) dfi{u) <{1 + e9-+i--) TT (f _ ,yp{np))H + R+{X; Q^), 

is(x,(ap);Q) 

/ a{u) dfi{u) > (1 - e9-+i--) TT (1 - ,yp{np))H - R-{X; Q') 



provided that 

for all w and Q satisfying 2 < w < Q < D 

In this theorem H and R^(X; Q") are defined as follows 



H= / a{x)dn{x) Sd{X-a) = Vd{^d)H + rd{X;a) 

J X 

P{Q)=\{1 i?±(X;Q^)= ^ |A±rd(X;a)l. 



P<Q d<Q^ 

lec* d\P{Q) 



Thus H can be regarded as the main term and or are regarded as re- 
mainder terms. We apply this to the sieve setting (A''+^, Eq, (vrp)), and siftable 
set {Bk{x), fj,, F), where 

Bk{x) = {ue Fl:{K) : H{u) < x}, 



where ^ is the counting measure. 
We also define 



Ba{x) = i a e A'-+i : J| sup 



II a™ \\^<x \ , 
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where i ranges from to r, and we denote the uniform probabihty measure on 
Ba{x) by P. By construction, the image of Bk{x) in A''+^ under the map F 
will be contained in Ba {x) , which is easier to work with. 

The sifting sets are constructed by first choosing subsets ft^ C {Ok /\)Y~^^ , 
and looking at 

Ap = <pp(Y[A,)ciOK/pr+' 

p\p 

where Ap is the complement of fip. Here the map ipp comes from the Chinese 
remainder theorem, as discussed at the beginning of the section. Then we define 
flp to be the complement of Ap. If ;/„ denotes the uniform probability measure 
on {Ok/(^Y~^^ then the Chinese remainder theorem then gives us 

pIp 

In order to estimate the remainder terms R^{X; Q'^), we will need the following 
lemma. 

Lemma 1. Let a be an ideal, with N{a) < D'^ . If 

S,^{OK/aY+^ and S = Ba{x) nn^^S,) 

then 



Nia) 



(Djogx ,fd = r^l, 

' . (4) 
otherwise. 



for sufficiently large x, where the implied constant depends only on r. 

Proof. Schanuel [?] has proven that if o is an ideal of Ok, then the number of 
lattice points in Ba{x) n (aA)''"'"^ is 

j;d{r+i) (o{xlogx) ifd = r = l, 
^N{aY+^ ^ |c»(.t'*(''+i)-1) otherwise, 

where m: depends only on K and on m, and the same goes for the implied 
constant in the error term (sec also Scrre [?]). However, because of the method 
of proof, we can also use this estimate for the number of full copies of a system 
of representatives for (A/aA)''+^ that can be found in Ba{x). If 5 C (A/aA)''+^, 
then this gives us the estimate 




-Ba(x)| logx 



iV(a)-+i ' lof^AM^ otherwise. 



if d = r = 1, 



If we multiply by \ BaIx) \ ^^"^ ^^'^ bound \Sa\ < then we obtain the 

result in the lemma. □ 
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Theorem 4. Given a homogeneous polynomial f in K[tQ, . . . ,tr], let S be a 
finite subset of E)^ satisfying the following properties 

1. if f = mod p , then p e S, 

2. if p Cz S and p\p, where p is a prime in Z, then q £ S for all c\\p, 

3. if p ramifies in K and p\p then p G 5, 
and for p ^ S let 

n^ = {{to,...,tr)e¥;+^ : f{to,...tr)=0 modp}. (5) 

Let C* C J^]^{Q)\S . Then there exists n such that 

r+l 

\{u e Bk{x) : ^p(F(u)) ^ Op Vp e C*}\ >k, 



(logQ)-' 

so long as Q'^id(r+i)+i) < ^.i and s>'dK. + l. 

Proof. Let T4^p denote the variety defined by / = over Fp. and let q = |Fp|. 
Trivially, there exists a constant ki, depending only on the degree of /, such 
that 

|W^p(Fp)| <A^i(7'^-i. 

Since each point in P''(Fp) corresponds with q — 1 points in Fp^"'^, we obtain 



Suppose that p £ S and lies over p. Then by (3) we have 

d 



P\P 

and it can be shown that 



n (1-^) « 

io<p<Q 



\ I log Q 



p J \ log w 



where the implied constant depends on the error term in the prime number 
theorem. Since \Bx{x)\ x |i?A(2;)| then by applying lemma 1 to a = dOx and 
S = fid, we obtain 



\rdiBKix);a)\ <^k,, 
For D = Q'^, this gives us 

R~{BK{x)]a) <K,r \ 



X log xD'^ if d = r = 1, 
^rjjd{r+i) otherwise. 



xXogxQ'^^ \id = r = l, 

^rQs(d(r+i)+i) otherwise, 



9 



which will be an acceptable error prime number 

theorem gives us 



n(i-^)« 

p<Q 



and so by applying theorem 3 with a{x) = 1, we obtain the result stated in the 
theorem with k = dni. □ 



3 General machinery 

All definitions made in the previous section will be maintained, and we will 
supplement them with the following. For any group G, the set of conjugacy 
classes will be denoted by G*. If F is a scheme over a field fc, then rj will denote 
a geometric point, and V will denote the extension of 1/ to a separable closure 

Now in particular if / : [/ V is a finite etale covering over k with arithmetic 
monodromy group G and geometric monodromy group G^, then we get the 
following commutative diagram: 

1 ^ TTi{V,r]) ^ 7ri(l/,77) ^ Gal(fc''<'P/fc) ^ 1 

p 

1 Gf ^ G ^ G/Gf ^ 1 

The important point is that we must consider this diagram both where fc is a 
number field K, and where fc as a finite field Fp, which wc obtain by reducing 
mod p for some p G ^k- Moreover, we will have a family of coverings fi'.Vi^V 
over A', parametrized by ^, where / is a prime. In this case, we will denote the 
corresponding monodromy groups by G/ and Gf respectively, and the map p 
will be renamed pi. For each I, when we reduce mod p to obtain the analogous 
situation over Fp, we will also introduce p as a subscript: G/^p, Gf ^ and pi^p. The 
question arises, with I fixed, when do wc have Gi = Gi,p or similarly Gf ^ Gf^. 
This may not happen for all p, but in our application wc manage to get sufficient 
control over this. 

3.1 The Chebotarev density theorem 

The following theorem is based on a version of the Chebotarev density theorem 
originally due to Lang [?] , which wc sharpen with the help of a recent result by 
Kowalski [?]. Since it applies to more general situations than the one here, we 
will state it for a single Galois covering f : U V, and thus wc will omit the 
subscripts I, p. 

Theorem 5. Let U,V be a smooth geometrically irreducible ajfine schemes over 
¥q of dimension r > 1, and let f : U V be a finite etale covering, with generic 
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Galois group G such that {\G\,q) = 1. If C E G"^ is arbitrary, and we define 
nc = {te Vi¥g) : p(Frobt) e C}, 

then 

< \G\i\G*\i\G\q-i (6) 



q' 



\G\ 



where the implied constant depends only on V, and in particular it does not 
depend on q or on G. 

Proof. Let 5 e C be arbitrary. By orthogonality of characters we get 



\Vi¥,)\+J2xi9)J2 x(p(Frobt)), 



and hence we have the inequality 



|G| 



< 



|G| 



W\7 



E 



^ x(p(Frobt)) 

t6V(F,) 



The result of Lang and Weil in [?] . gives us a bound for the first term on the 
right of the form Aq~2^ where the constant A clearly has no dependence on G. 
As for the summation, if we apply proposition 5.1 (i) in [?] with I = /',7r' = 1, 
and the irreducible representation tt, chosen so that x = Tr(7r), then we obtain 



E 



^ x(p(Frobi)) 



< C(l^)g'-^|G|^dim7r, 

■IT=il 



where G{V) is a constant depending only on V. Then by using Cauchy's in- 
equality, we get the result in the statement of the theorem. □ 



3.2 The general theorem 

Let y be a geometrically irreducible affine scheme over K of dimension r > 1, 
birationally equivalent to PJ^ via the rational map (p : V P^. Let {U,(p) 
be a pair defining this rational map, let denote the corresponding absolute 
height on U, and define 

BKix) = {t e V{K) : 3{U, ip) such that t £ U{K) and H^{t) < x) (7) 

For each prime let V; be a variety of dimension r over K , such that fi :Vi 

is a finite etale covering with generic Galois group Gj, and suppose that these 

groups satisfy the following property: 
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Property 1. There exist constants a,/3, such that 

\Gi \ < r and \Gf \ < 
hold for all I, where the implied constants are absolute. 

Obviously the condition \Gf\ <^ l^ is not necessary in property 1, however, 
in our apphcation it is possible to take (3 smaller than a, giving us a sharper 
bound. 

If t G V{K), then Gk ~ Ga\{K/K) acts on the fiber VJ.t, which gives us 
a homomorphism pi^t '■ Gk ^ Gi,t. To determine the t for which we have 
surjectivity on G/, we use the following lemma of Jordan (sec [?]): 

Lemma 2 (Jordan). Given a finite group G and a subgroup H d G, if HnC ^ 

for every C G G"^ , then H = G. 

By this lemma, it suffices to show that the intersection with all conjugacy 
classes in Gi are non-empty. This is accomplished by applying the large sieve 
2 to each conjugacy class in G/, with C* taken to be an appropriate subset of 
Ti\.[Q]d,l), where d is the common determinant of that conjugacy class. The 
constant in the large sieve does not depend on / because the sieve setting and 
remain the same for all /. To get a useful estimate though, we will then need the 
Chebotarev density theorem 5; thus we need VJ, to be geometrically irreducible 
and G/ = G/^p for all p S £*. Since / is fixed, theorem 9.7.7 of [?] shows that 
there are only a finite number for p for which Vp is not geometrically irreducible. 
In our application, we apply this together with known results for the moduli 
spaces of abelian varieties, in order to get the following property to hold. 

Property 2. There exists a constant 5, such that 

|{p G : Gz,p ^ Gi}\ « I' 
holds for all I, where the implied constant is absolute. 

With C* chosen, if we take p G £* and reduce Vi ^ V mod p, we may no 
longer have a finite ctale morphism. To deal with this, we define 

n{C*) = {te V{K) : Vi,p^t Vp,t is finite etalc for all p G £*}. 

In this way by removing the fibers over fl{C*) before reducing Vi ^ V mod p, 
wc obtain a finite ctale morphism Vi^p — > Vp defined over Fp. We also define a 
corresponding siftable set 

CKix}ci{teBKix):t(^n{C*)}, (8) 

which we want to have the following property: 

Property 3. There exists a constant k so that \CKix)\ ^K,r t^^Tx)^- 
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Remark. It is important to note that the definition of Ck{x) depends on the 
choice of £*, and thus on Q. So, in order for this property to make sense, there 
must be a fixed relationship between x and Q, specifically we will take Q to be 
an appropriate power of x. In the case where equality holds in (8), Theorem 4 
shows that if the image of Ck{x) in F^j^{K) can be covered by a constructible 
set not containing the generic point, then this property will hold so long as 
Qs(d{r+i)+i) £ ^2 s > _j_ x_ Note that in order for theorem 4 to be 
applied here we need V to be unirational, and a rational map if : V ^ PJj- 
is required to define a height on V, hence we will need to assume that V is a 
rational variety in order to use both of these. 

The Chcbotarcv density theorem also requires (|Gi|,p) = 1, and this is 
satisfied Hp > \Gi\. When this condition is included in the definition of C* , 
it follows that the primes in C* have a lower bound for their norm tending to 
infinity as x does. This is important, because it means that lim sup^ C;<- (x) is 
the entire set of rational points. 

In our application, we will need an effective version of Hilbert irreducibility 
for a single value of /, so we state it in the following lemma: 

Lemma 3 (Hilbert irreducibility). Let K be a number field, and let V be a 
smooth geometrically irreducible ajfine scheme over K , birationally equivalent 
to Pj^ for some r > 1. Fix a prime I, and let f : Vi V be a Galois covering 
with group Gi. Suppose 3 is satisfied with Q = .t^, and define 

Ek,i{x) = {t e Ck{x) : PiAGk) C GJ. 

Then for sufficiently large x, we have 

'^-^■'Wi <<,,K,., iG,iiGf Hfi2S£):::i. (<,, 



Proof. Since the absolute height is used in the definition of Bk{x) wc use the 
adjustment to the large sieve made in the remark just below theorem 2. In our 
application of the large sieve wc will fix I and G 6 Gf, and for convenience 
wc will take Q — x'^ , for some e G (0, 1). If theorem 4 is used to get property 
3 to hold, then we will need e < 2s(d(r+i)+i) ' '^here s > 9k + 1. However, it 
is possible in special cases to take e = |. Let d be the determinant of G, and 
define 

C*^{pe ^],iQ;d,l) : N{p) > \Gi\ and G,,p ^ G,}. 
and for all p £ C* define 

^^P,c = {te Vw,{¥p) : p/^p(Frobt) G G}. 

We now want to estimate the right hand side of (2) in a useful way, with the help 
of the Chebotarev density theorem. Specifically, using (6), we get the following 
result 

L{Q)> J2 ^p(^^P.c)» E (10) 
pec pec I 'I 
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where the last inequality holds only for sufficiently large x, and the implied 
constant does not depend on Gi (in fact we can take the constant to be |). 
We now must obtain an underestimate for \£*\. Since I is fixed, Grothendiek's 
theorem 9.7.7 of [?] shows that the set of p G for which Gi p ^ G; is finite, 
and hence the difference 

\j:],{Q;d,l)\-\C*\ 

is bounded. This means that wo can use Siegel-Walfisz theorem to get an esti- 
mate for \C*\. Specifically, by recalling that Q = x^, we have 

1^*1 



I ■ log X 



for sufficiently large x. Alternately, for an effective result, we can adjust the 
argument using the pigeon hole principle in a way completely analogous to 
Zywina's version for elliptic curves [?]. In any case, by applying this to (10) we 
get the following underestimate for L{Q), 

L{Q) »A-.( 



G; I Mog a; 



and then using this estimate of L{Q) together with (1) gives us the following 
upper bound for the sifted set 

\S{Ck{x), (l^p.c); C*)\ ^^,K,r,l ^ • 1^-^X'-+' (11) 

|0 1 X 

In the future we will use the following shorthand for the sifted set, to make the 
remaining argument easier to follow 

Yc{x) = S{CK{x),{n,,c);C*)- 

By property 3 we have |Cif(x)| > (if^^, and so by (11) 

\Ycix)\ \Gi\ (bgxT^ 

^<p,K,r,l -[77]- • t [i-^J 



\Gk{x)\ |G| 
for any conjugacy class C of G/. Now by lemma 2 Ek,i{x) C UceG* ^c{x), so 

\EkAx)\ ^ y \Yc{x)\ ^^^^ 



\CKix)\ - ^^\Ck{x)\- 

CdG* 

By combining these last two estimates, and using the trivial bound |G| > 1 for 
each conjugacy class, we obtain the result in the lemma. □ 

Remark. Grothendiek's theorem 9.7.7 is proven in such a soft way, that it is 
not clear if it gives any control over the size of the finite set of bad primes as I 
varies. This is the only reason that the implied constant may depend on I. All 
other results used in the proof, show the dependence on I explicitly. 
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To prove a similar result that holds for ah I, requires stronger methods. In 
particular if we define 

Ek{x) = {i G Ck{x) : Pi,t{GK) ^ Gi for some I], 

then we will also need the following lemma: 

Property 4. There exists a constant 7 s.t. 

Ek{x) C y EkA^). 

Now, here is the precise statement of our general result. 

Theorem 6. Let K be a number field, and let V be a smooth geometrically 
irreducible affine scheme over K, birationally equivalent to ¥^ for some r > 1. 
For each prime I, let f : Vi V be a Galois covering with group Gi. Suppose 
that properties 2 and 4 are satisfied, that 3 is satisfied with Q = x^ , and that 
a, 13 are specific values for which property 1 is satisfied. Then for sufficiently 
large x, we have 

\EKix)\ (log^)(a+/3+2)7+K+l 
^u>,K,r . 



\Ck{x)\ 



Proof. The proof begins in the same way as it does for lemma 3, except that 
we now need properties 2 and 4 in order to get the estimate for |£*|. Using 
these properties together with the bound on | Gi \ from property 1 we obtain the 
bound 

|i]^(g;d,oi-|r|«(iog.Tr-{"'^>^ 

where the implied constant is absolute. Comparing this with the estimate that 
Siegel-Walfisz gives us for \Yj\.{Q]d,l)\ shows that this is indeed smaller for 
sufficiently large x. Continuing with the rest of the proof of lemma 3, we 
obtain (9) just as before, except with the constant not depending on I. We 
can now rewrite it purely in terms of x and I by using the bounds in property 
1. Specifically, we get 

M (14) 

\Ck{x)\ ^ x<' 

Now by property 4 we have 

\Ek{x)\ ^ \Ek,i{x)\ 
\Ck{x)\ - ^ \Ck{x)\ ' 

and by applying (14) to this, it follows that 

\Ek{xI ^ ^+^^i(l0gxr^ (log^)(a+/^+2)-,+.+l 

' ^ ^' /<S(loga;)T- 



□ 
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3.3 The method of Cojocaru and Hall 



If we have a setup meeting the conditions of theorem 6, then the result gives us 
surjectivity of the maps 

Pl.t ■ Gk — > Gi 
for all I, and almost all t in the asymptotic sense that 

hm = 0. 

x-)-oo \Ck{.x)\ 

This is true, whatever the groups G; may happen to be. However, the deter- 
mination of the groups Gi is not always an easy task. In this regard, wc would 
like to consider the method that Cojocaru and Hall used for determining these 
groups in the case of elliptic curves [?], and show how this method general- 
izes. Suppose that we have auxiliary galois coverings X; — >■ X, with known 
monodromy groups F;, along with a commutative diagram 




where the horizontal maps are dominant covering maps. Our assumptions about 
V mean that X must be unirational. We will mainly be interested in the case 
where Vi is constructed by taking an irreducible component oi V x Xi. The 
commutative diagram gives us Gi C F/ at the very least, and we want to show 
that we have equality Gi = F/ for sufficiently large Z, and possibly for all I. The 
trick is to look at an intermediate covering Y; — )■ X, which is constructed as 
follows. Let K{'q),K{j^i),K{C),K{^i) be the function fields of V,Vi,X,Xu so 
that 

Gi = G&\{K{r,i)/K{ri)) and F, = G&\{K{^i) / K{i)). 

If we look at K{£^i)^' this defines an intermediate extension of function fields 
that corresponds to an intermediate covering Xi ^ Yi ^ X. In the etalc case, 
the existence of Yi follows from proposition 3.1 in Expose V of [?]. Moreover, 
we get a map Vi — > Yi by composition, which then factors through the map 
Vi — >■ V, giving us the diagram: 
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In the case of elliptic curves, X;, X are the moduli schemes and we have 
=GL2(0/(±1) and Tf = SL2(0/(±1) 

(see Katz [?]). Cojocaru and Hall take to be a curve, and then claim that 
the genus of Yi cannot be larger than the genus of V . This would be true if we 
knew that V ^ Yi was unramified, but it is not clear from the construction that 
this is the case. 

It is worthwhile to consider the special case of Cojocaru and Hall, before con- 
sidering the general version. The genus of Xi is known by the standard theory 
of /-level structure for elliptic curves, and the genus of Yi must be determined. 
By construction, the covering map Xi Yi has degree equal to \Gi\. Since 
the genus of Xi is roughly proportional to |r;| for sufficiently large /, we expect 
intuitively that the genus of Yi is roughly proportional to [Ti : Gi]. Certainly 
Table 2.1, which Cojocaru and Hall obtained by applying the Riemann Hurwitz 
formula to the covering Xi — )■ Y;, vindicates this viewpoint. If it can be shown 
that [Ti : Gi] tends to infinity with I, then an upper bound on the genus of Yi 
gives us Gi = Ti for sufficiently large I. Cojocaru and Hall do this in the case of 
the geometric monodromy groups Gf , by looking at the images in PSL2(F;) 
and using Serre's theorem concerning its structure. 

In light of the previous consideration, however, it would seem that it is really 
[Ti : Gi] that is important and not the genus of Yi. In fact [F; : Gi] is the degree 
of the covering Yi ^ X, and since ip : V ~> X factors through this covering, 
it becomes clear that [F; : Gi] must divide degip, and hence [F; : Gi] remains 
bounded. If we can choose ip ■ ^ ~^ ^ well enough so that degip = 1, then we 
have Ti = Gi for all I. This requires X to be a rational variety, which is certainly 
true for the moduli space of elliptic curves, and also for abelian surfaces (see [?]). 
This will be assumed in our application. 



4 Application to abelian varieties 

Let if be a number field, let F be a smooth geometrically irreducible afhne 
scheme over K of dimension r > 1, birationally equivalent to via the rational 
map ip : V ^ PJ^-. Let K{V) be the function field of V, and let A be a 
principally polarized abelian variety over K{V) of dimension g. We obtain a 
map ip ■ V ^ X, where X is the Siegel moduli space of level 1, by sending 
t G V to the point in X representing At, where At is the fiber above t. We also 
have a covering Xi Xi of degree |GSp2g(0/(±l)|- We have to mod out by 
(±1), as explained by Katz in [?] for the case 5 = 1. Then we define Vi to be an 
irreducible component ot V Xx Xi, so that we get the following commutative 
diagram. 

Vi ^Xi 
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As mentioned in the discussion of the method of Cojocaru and Hall, we will 
assume "0 : — ^ X to be a dominant map with degree 1. This is not possible 
for all Siegel moduli spaces. It is known that the level 1 moduli spaces of 
principally polarized abclian varieties are unirational when g < 5, that they 
are of general type when g > 7, and the problem is still open in the case g = 6 
(see [?]). It is also known that when the level is > 4, moduli spaces of principally 
polarized abclian surfaces are of general type (see [?]). In the case of abelian 
surfaces it is known that the level 1 moduli space of polarized abelian surfaces is 
rational or unirational if the degree of polarization is 1,2,3,4,5,7, or 9 (see [?]), 
in particular for the principally polarized case it is actually rational (see [?]). 
In the case of elliptic curves the analogous result is classical. Henceforth, we 
assume that we are in the cases 17 = 1 or 2, so that the rationality assumption 
holds. 

Let Gk = Gal{K/K), fix i g V{K) and consider the representation pi t : 
Gk ^ GL {At [/] ) , where At [I] denotes the /-torsion of At . This representation in- 
duces a representation t : Gk ~> G/. However, whereas GL(^t[/]) = GSp2g(/), 
we have Gi = GSp2g(0/(±l} as noted above. As a consequence of this, it is 
easy to pass results from GL(At[/]) to G;, but to go backwards we will need the 
following lemma. 

Lemma 4. Given the exact sequence, 

1 (±1) GSp2,(/) — ^ GSp2,(0/(±l) 1 (15) 

let G he a subgroup o/GSp2g(0 s.t. ip\Q is surjective. Then G = GSp2g(0- 

Proof. It suffices to show that — 1 G G. If a:; e GSp2g(0, then x or —x G G. In 
particular 

is in G. But by squaring both of these matrices, it follows that — 1 G G. □ 

If is the absolute height on V corresponding to the map (p, then we define 
Bk{x) by equation (7). As for Ck{x), we note that At must be non-singular 
and have good reduction at all primes p G £*. By applying theorem 9.7.7 of [?] 
to A ^ V , we obtain a constructible subset VI oiV not containing the generic 
point, such that for any i ^ f2 the fiber over t is non-singular. The image of this 
set under the rational map V — >■ is also constructible, and can be covered 
by varieties, which are defined be homogeneous polynomials in r + 1 variables. 
Using theorem 4, we obtain a lower bound for the number of t G Bk{x) for 
which At is non-singular and has good reduction mod p for all p G £*. So far 
this enables us to take 

At is non-singular and has [ 
good reduction mod p Vp G J 
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However, we also need to exclude values of t for which End(At) ^ Z. In the 
elliptic curve case, this amounts to removing curves with complex multiplication. 
It would be nice to say that we simply need to remove the PEL varieties of lower 
dimension from the full Siegel moduli space, however, in general it is not clear 
that we have a finite list of possible endomorphism rings, once K has been fixed. 
So instead, we fix I, and apply the Hilbert irreducibility lemma 3 to obtain a 
subset of Ck{x), for which pi^tiGx) is all of G;. We then apply lemma 4 to lift 
to GSp2g(F/), and a result of Vasiu [?] to lift to GSp2g(Z;). This says that the 
number of t e Ck{x) for which the galois representation on the Tate module 
associated to At is not surjcctivc is bounded by a constant times 

\C^{.)\\G,\\Gf\-l^^^^^. 

Now Faltings [?] has shown that End(At) (g) Z/ = EndG^(r;At), which means 
that if End(Af) ^ Z, then EndGK(^;^t) contains a non-central element, and so 
the Galois representation on TiAt cannot be surjective. It follows that 

\{teCKix):EndAt=Z}\ > \Ck{x)\ (^l - c\Gi\\G*\ ■ l^^^^^^f^ 

where c is the constant we get from lemma 3. Furthermore, if property 3 holds 
for Ck{x), then it will hold for {t G Ck{x) : EndAt = Z} for sufficiently large 
X. To avoid complicating notation further, we simply redefine Ck{x) as follows 

{End(74f) = Z, and At is non-singular | 
t G Bk{x) : ^ > . (16) 

and has good reduction mod p Vp G £ ' I 

To show that property 4 holds using this data, we use the theorem of Masser 
and Wiistholz [?] in the case <? = 1, and a generalization of it by Kawamura [?] 
in the case g = 2. 

Theorem 7 (Kawamura). Let A be a principally polarized abelian surface over 
a number field of degree d with Endj^(j4) = Z. Let D{K) be the discriminant of 
K, and h{A) be the Faltings height of A. Then there exist constants c, 7, such 
that for any prime I satisfying 

I > max{£)(A0,c(max{3840d,/i(A)})'^}, 

we have pi{Gk) = GSp4(Z) 

Kawamura tries to use the Main Theorem in Klcidman and Liebcck [?], 
however, that theorem applies only when the dimension is > 12. This condition 
is only needed for maximality, and so by not making any reference to maxi- 
mality, Aschbacher's theorem can be applied instead (see Theorem 1.2.1 in [?]). 
There is another mistake in Kawamura's proof, specifically he claims that tables 
3.5.A-II in [?] indicate that S is empty, which is not true. This is also not a 
huge problem because the groups in S can be dealt with in the same way that 
he deals with 2^+^.04 (2). With these minor changes, the proof of Theorem 7 
is valid. 
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Theorem 8. Property 4 holds for the groups Gi for Ck{x) as defined by equa- 
tion (16) in the cases g = I and 2. 

Proof. Let t € Bx{x), be a point for which pi t : Gk -> Gi is not surjective, so 
that Ek,i is non-empty. Then the representation pi^t ■ Gk GL{At[l]) is also 
not surjective, and so by Kawamura's theorem (which apphes by the definition 
of Ck{x)), there exist constants c, 7 such that 

I < max{i:»(A'),c(max{3840d,/i(At)})^} < h{Aty . 

It is well known (see [?] for examplc)from the theory of heights that h{At) = 
h{t) + 0(1), where the height on the right is the absolute logarithmic height on 
P^, i.e. h{t) = log H{t). The theory of height also gives us H^{t) = H{t) + 0{1), 
so it follows that 

l-^ilogH^it))^ <(\ogx)\ 
and therefore E(x) will be contained in the finite union Ui<(iogs)T Ek,i- D 
Wc arc now in a position to prove the following theorem 

Theorem 9. Let K be a number field, let V be a smooth geometrically irre- 
ducible affine scheme over K of dimension r = (^^^) 7 birationally equivalent to 
via the rational map ip : V —¥ P^. Let K{V) be the function field of V , and 
let A be a principally polarized abelian variety over K{V) of dimension g — 1 
or 2. Let Ck{x) be defined by equation (16), and let 

E'j,{x) ^{te Gk{x) : pi^tiGK) C GSp23(/)}. 

Then 

Proof. Using the construction above, for each / we get a Galois covering Vi ^ V 
with group Gi = GSp2g(0/(±l)- We have shown that property 4 holds in the 
cases g = I and 2. Under the assumption that the morphism ip : V X is 
a degree 1 covering map, which exists since X is rational, we have Gi = Ti as 
explained in subsection 3.3. To obtain Gi^p = G/, we apply reduction mod p to 
everything in the diagram and show that Gi^p = r;,p = F;. It is known that the 
level / Siegel moduh spaces have irreducible geometric fibers over Spec (Z[^/, j]), 
(see [?] for example). If p is a prime over one of the primes in Spec (Z[^i, j]), 
then we have Ti^p = Fj. We have already pointed out that V itself can be 
handled with theorem 9.7.7 of [?]. Taken together it follows that property 2 
applies with 6=1. 

For arbitrary dimension g the order formulas in [?] together with the upper 
bounds for \Gf\ in [?] (see also [?]), show that property 1 holds with a = 

+ 5 + 1 and /3 ~ 5 + 1, so by applying our general Theorem 6 with these 
values, we obtain 

\Ek{x)\ (log:,)2(/+g+2)7+«+l 
<-F,K,r : • 



\CKix)\ 
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In particular ii g = 1 or g = 2 the factor in front of 7 is 8 or 16 respectively. If 
theorem 4 is used to get property 3, then this estimate holds with 

1 

^ - 2s(d(r + l) + l) 

where s > 9k + 1 can be taken as a fixed number (independent of x). However, 
as the example below shows, it may be possible to improve on the value of s. If 
we view pi^t as a representation on the Z-torsion of At then pi.tiGx) C GSp4(^). 
But consider the induced map pi^t ■ Gk Gi, then pi^tiGx) C GSp4(^)/(±l). 
The two images are related by the exact sequence (15), hence t G E'j^{x) implies 
that t € E[x] by Lemma 4. It follows that we can replace Ek{x) with E'j^{x) 
in the estimates above, and so taking the limit a; — > 00 proves the theorem. □ 

4.1 An explicit example 

Let V = Aq, and for each t G V{Q) we assign the elliptic curve 

Et:y^ = x^ + 3(1 - t)tx + 2(1 - ift. 

Then A(t) = -12^(1 - 1)^1"^ and j{t) = -12^t. The variety A{t) = covers the 
values of t for which Et is singular. If {to : ti) are homogeneous coordinates for 
t, then we can look at the homogeneous polynomial A(io, ti) = — 12^(io — ii)^ii, 
which shows that if Et has bad reduction at p, then p = 2, 3 or p\ti or to — ti. 
Using asymptotic estimates for the Euler 0-function, we find that 

12 

\Bk{x)\ = -^x^ + 0(a;loga;). 

In this case, VJ.p.t Vp^t will be finite ctalc if Et has good reduction mod p, 
hence we may define as follows 

— {t G Bk{x) : Et is singular, or has bad reduction 3p G £*} 

The expression of A(t) above shows that if we have bad reduction at a prime p, 
then p = 2, 3 or p\ti or to — ti. If we try to omit primes p to get good reduction, 
the condition H{t) < x tells us we must omit all primes p < X2 . But the large 
sieve gives us the best result if we take Q < x^ ^ and this causes C* to be empty. 
On the other hand suppose that C* includes all primes p < x^ . The to,ti, are 
integers with absolute value < x, such that ti,to — ti are not divisible by any 
prime p < x^ . In particular, the sieve of Eratosthenes shows that |ti| must be 
a prime in the interval (a; 2,0;], and so it follows that 

This gives us property 3 with k — 2 and e = i, hence in this specific case, the 
estimate given by (17) becomes 

\E^^{\ogxr^^ 

\Gsi{x)\ x^ 
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In particular, the map j is nice enough to ahow Duke's original result to be 
recovered from this. 



A List of notation 
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